The intent of this paper is to investigate the e ectiveness of direct numerical computation in capturing acoustic elds. It has been the trend, to use high-order schemes whenever there is interest in resolving the acoustic eld, even though there has never been a complete study of the accuracy of low-order schemes. We revisit a long standing benchmark problem in aeroacoustics to show the validity of such low-order schemes. The problem we consider is that of a at-plate airfoil in a nonuniform ow. We show that when the linearized Euler equations are used to model problems in aeroacoustics, a simple, second-order numerical scheme is powerful enough to provide accurate aeroacoustic results. We validate this computational approach by comparing both the RMS and instantaneous pressure on the airfoil and in the far eld to semianalytic and asymptotic results.
Introduction
Recently, a great interest in analyzing unsteady ow problems through the use of direct simulations of the linearized Euler equations has emerged. The advantage of direct simulation of the linearized Euler equations in primitive variable form, as opposed to frequency-domain calculations, lies in the potential for resolving nonlinear problems.
We emphasize, in this paper, that if one chooses to model unsteady ow problems using the time-dependent linearized Euler equations, then simple, low-order numerical schemes with accurate boundary conditions are powerful enough to provide accurate aeroacoustic results. In this sense, the use of high-order schemes when solving the linearized Euler equations only adds to the complexity of implementation and not to the accuracy of the results.
We illustrate this by revisiting a classical problem in unsteady aerodynamics and aeroacoustics of an airfoil in a nonuniform ow. This problem is used because of its physical signi cance, its mathematical simplicity which allows for analytic solutions in limiting cases, and the challenge it poses for numerical implementation. These three points are discussed separately here.
First, the unsteady ow problem associated with an airfoil in nonuniform ow is characteristic of ows in rotating machinery including compressors, turbines, fans and helicopter rotors. This unsteady ow is a major contributor to the generation and propagation of acoustic disturbances.
The second point is supported by a cursory review of published works concerning this problem. More than half a century ago, the rst aerodynamic solution for an incompressible vortical ow past a thin airfoil was introduced by von K arm an and Sears 1] . Since then, many researchers have contributed analytical and semi-analytical aerodynamic and aeroacoustic solutions for this problem 2] -8]. All of these are frequency-domain solutions to the linearized Euler equations for the atplate geometry. Closed form analytical solutions exist only for incompressible ows and asymptotic solutions can be obtained for high frequency disturbances in subsonic ows.
Results for the unsteady surface response for real-geometry airfoils in compressible vortical ows were rst given by Scott and Atassi 9, 10] . These calculations were carried out numerically in the frequency domain and gave good near and mid eld results, but the far-eld acoustics were not accurate. Later, the solutions of Scott and Atassi were coupled with a Kirchho method in order to deduce the far eld 11]. For a more in depth review of the eld of unsteady aerodynamics and aeroacoustics see the review article 12].
The rst time-domain simulation for a thin airfoil interacting with a gust was produced by Hariharan et. al . 13] . In their work, they used a at-plate model and focussed on calculating the near eld. Their work highlighted the challenges for numerical computation that such unsteady ow problems present. The challenges include: dense mesh requirements far away from the body in order to resolve the acoustic eld accurately; a demand for very accurate out ow boundary conditions; the need to handle large gradients and even discontinuties.
The goal of the present work is to illustrate the direct simulation of the linearized Euler equations for unsteady aerodynamic problems particularly as it applies to calculating the far-eld acoustics. In the present paper, the work of Hariharan et. al. is extended to include calculation of the far-eld acoustics. Although the future goal is to consider arbitrary geometries in unsteady subsonic ow, here we test the full direct simulation with the thin-airfoil case.
We have implemented a simple scheme (second order in space and time). The advantage of using a second-order scheme is its adaptability to future problems. For instance, when one attempts to model a real-body geometry, curvilinear coordinates or a nite volume procedure will likely be applied; and, in both cases higher order schemes are not practical. Second-order schemes also contain natural damping which enhances the convergence of the scheme. For higher-order schemes, damping is introduced to insure convergence and eliminate spurious oscillations. However, this damping introduces an error which renders the scheme no longer accurate to the speci ed order.
The rst section of this paper will describe the governing equations and physical boundary conditions. The numerical scheme will then be described with the arti cial boundary conditions explained. These boundary conditions are due to Hagstrom and Hariharan 14] . The results will be compared to both the semianalytical results of Atassi, Dusey and Davis 7] and the asymptotic results of Martinez and Widnall 5] .
The near-eld and far-eld results of the direct simulation show excellent agreement in both magnitude and phase with the semianalytic and asymptotic results.
Mathematical Formulation

Governing Equations
The governing equations of motion for inviscid uid are the Euler equations. When unsteady uctuations in the ow are small compared to the magnitude of the mean ow, the Euler equations can be linearized about their mean values:
V(x;t) = U o + u(x;t) ; (1) p(x; t) = p o + p 0 (x; t) ; 
where
is the convective derivative associated with the mean ow. There are two types of problems in linear unsteady aerodynamics, oscillating airfoils and airfoils subject to an impinging gust. For oscillating airfoils, the disturbance velocity u is potential and its normal component along the airfoil surface is speci ec in terms of the oscillatory motion. On the other hand, for the gust problem, u is in general rotational. In this case, we use the velocity splitting theorem (see 12]) to split the unsteady velocity u into a solenoidal and an irrotational part u(x;t) = u v (x; t) + u a (x; t) : 
where a = (a 1 ; a 2 ; a 3 ) is the amplitude vector and k = (k 1 ; k 2 ; k 3 ) is the wave number vector.
The underscore represents a dimensional wave number. From Eqs. (10) and (12), it is clear that k 1 U 1 = ! so that 
A schematic of the gust problem is provided in Figure 1 .
Once the incident vortical eld is de ned, the potential velocity eld u a can be calculated. Substituting Eq. (8) into Eqs. (5) - (7), using (9) and specifying that there are no entropy disturbances in the ow, the nal form of the governing equations for a at-plate airfoil becomes, 
These equations together with the equations of state will determine the potential eld whether the airfoil is oscillating or subject to a gust.
Physical Boundary Conditions
The physical boundary conditions which complete the boundary value problem in two dimensions come from impermeability along the plate, the Kutta condition, and a wake condition. The impermeability condition on the at plate states that u n = 0 for a gust or u n = a speci ed function For computational purposes, we approximate the solutions within a bounded domain with the aid of arti cial boundaries as in Figure 2 . Along the boundary which coincides with the at plate, we use the skew symmetry of u a and p 0 to solve the boundary value problem in the upper half of the plane, i.e. 
The condition in Eq. (35) is applied on all boundaries; 1, 2 and 3. We note that this out ow condition is the rst one in the literature which avoids the implementation of spatial derivatives. The second condition at the in ow boundary, is given by Eq. (23). Note that this condition involves one spatial derivative, but the direction in which the derivative is taken is tangent to the in ow boundary and more importantly the condition is exact.
Numerical Scheme
In the recent Computational Aeroacoustic literature (E.g. see ICASE Workshop Proceeding 16]) much attention is paid to new higher-order schemes which are based on dispersion properties. These schemes have not yet been tested against any realistic unsteady aerodynamic problems. In particular, the newer schemes are often restricted to grids which conform to a cartesian coordinate system. Therefore, we propose here to consider a simple, explicit, second-order scheme due to MacCormack 17] , which is a variation of the well established Lax-Wendro 18] scheme. Such a low-order scheme is more readily adapted to complex grids. We drop the subscript a and recast the linearized Euler equations in the ux form as follows: 
The boundary conditions are also discretized by a second order central scheme.
In the numerical results presented here, the grid corresponds to nondimensional L=2 = 12:66 , H = 12:66 and the time step was chosen to satisfy the stability limits 
Results
The disturbance we will consider has the dimensional form u g2 = a 2 sin(k 1 x ? !t) :
(71) Note, that for the normalization chosen, the nondimensional relation between k 1 and ! is k 1 = !M.
The case we consider is the case described for the ICASE benchmark problem #6 16] . For this problem, the nondimensional ! was given as ! = =8 with the length normalized by 1. However, the chord length of the airfoil is 30 dimensional units. So, when normalizing length by c=2, the proper nondimensional frequency is ! = 15 =8. The Mach number for this problem was given as M = 0:5.
Since this is a high frequency case, the numerical results can be compared to either the analytical expression by Martinez and Widnall or to the semianalytical solution of Atassi, Dusey and Davis. To obtain the semianalytic results for this given disturbance, v in equation (61) (72) To validate the numerical scheme, we rst analyze the unsteady pressure along the airfoil at a nondimensional time t = 320. The unsteady pressure calculated using the direct computation is compared to the imaginary part of the semianalytical and asymptotic in Figure 3 . Comparison of the three results shows good agreement between all three solutions. In the gure, x is the nondimensional location along the airfoil and p 0 is the nondimensional pressure jump. In the normalization, we have taken = 1:0 for this example. The solid line, denoted theory, represents the seminalytic result of Atassi, Dusey and Davis, while the dashed line denoted asymptotic represents the Martinez and Widnall solution. Very near the leading edge, the numerical solution shows some oscillation as it attempts to capture the square root singularity; but, the disagreement is limited to a very small region near the leading edge.
We then consider the accuracy of the numerical acoustic solutions. To determine the accuracy of the numerical calculation for the acoustics, the unsteady pressure is calculated on the upper half of a box surrounding the airfoil with corners at (6:33; 6:33) and (?6:33; 6:33) in nondimensional units. (See Figure 2. ) First, the root mean square of the unsteady pressure, p 02 , is compared along the bounding box. The root mean square of the complex pressure is given bŷ p 0p0 2 (73) where the asterix signi es conjugate. Figure 4 shows p 02 along the top of the bounding box. The comparison of the three solution methods indicates that the asymptotic result is not accurate at this distance from the airfoil. We note that the bounding box is located approximately 6 half-chord lengths from the airfoil, and the asymptotic results are accurate in the limit as the distance from the airfoil approaches 1. To check this, the semianalytic solution and the asymptotic solution are compared at a nondimensional distance of approximately 60 half-chord lengths from the airfoil. (The top corners of the bounding box are at (63.33,63.33) and (-63.33,63.33).) We see in Figure 5 , that at this distance from the airfoil, the solutions compare quite well. Since, the asymptotic results are not accurate close to the airfoil, and the numerical calculation cannot be performed out to 60 half-chord lengths, the numerically calculated rms pressures will be compared to the semianalytical results in the rest of the paper.
The results for the left and right sides of the bounding box are shown in Figures 6-7 . While there are small discrepancies, the comparisons are really quite good. We now show that the small discrepancies in the comparison are due to the averaging process.
To do so, we compare the numerically generated instantaneous pressure at a nondimensional time of t = 320 to the semianalytic result. The results are shown in Figures 8 -10 . Figure 8 shows unsteady pressure along the upstream bounding box, with y representing the height above the centerline and p the unsteady pressure. The agreement is quite good. Figures 9 and 10 illustrate the pressure along the top of the bounding box and the downstream side of the bounding box respectively.
Finally, the phase of the unsteady pressure is compared. For the semianalytical and analytical calculations, a complex representation for the gust is used, and therefore, the solutions are complex. Hence, the phase of the pressure is simply the inverse tangent of the ratio of the real and imaginary parts. However, for the numerical results, the phase must be calculated.
For the numerical results, the unsteady pressure at any point, x, and at any time, t, can be The ratio of the two calculations then gives tan , and is determined readily. Through this procedure, the phase is determined from the numerical solutions. The comparison between the phase calculated from the numerical code and the semianalytic results for the bounding box are shown in Figures 11 -13 . Again, the nondimensional time was taken as t = 320. A slight phase shift appears along the upstream bounding box, Fig. 11 , but the top and downstream sides, Fig. 12 and Fig. 13 , agree very well. The discrepancy upstream most likely comes from the di culty associated with integrating such small numbers. The magnitude of the pressure is at least 10 times smaller upstream than it is downstream.
As a nal computational note, the grid for these calculations was set for 32 points per wavelength. Tests showed this was an optimal number. For lower-frequency cases fewer points per wavelength are needed.
Conclusions
This paper veri es the e ectiveness of a simple, low-order, time-domain numerical simulation of the linearized Euler equations. To solve the classical aeroacoustic problem of a vortical ow interacting with a at-plate airfoil, we implemented an explicit, second-order MacCormack scheme with boundary conditions given by Hagstrom and Hariharan 14] . In order to validate the numerical implementation, we compared the values for the RMS and instantaneous pressures with semianalytic and asymptotic results. The comparisons show the accuracy of the scheme in the near eld as well as in the far eld. In particular, the excellent agreement between the calculated phase and the phase found from the semianalytic method highlights the robustness of the method. The consideration of the instantaneous pressure also demonstrates that the boundary conditions are robust, in the sense that at large time, t = 320, no re ections have appeared.
The leading edge singularity which is well-known and easily treated in the frequency domain is the only unresolved portion of the eld in the time-domain calculation. As seen in Figure 3 , the numerical solution at the leading edge is not satisfactorily calculated. Capturing the leading edge singularity remains a challenge when performing time-domain calculations for this problem.
The importance of this study lies in the demonstration that a simple, second-order numerical scheme with the appropriate boundary conditions produces very accurate unsteady aerodynamics results as well as very accurate aeroacoustic results. This provides a foundation for further DNS calculations that will be used to solve for the unsteady ow elds around more complex geometries where it is most suitable to use low-order schemes.
